In this article we study the action of the non-planar two-loop dilatation operator in an SU (2) × SU (2) sub-sector of the ABJ Chern-Simons-matter theory. The gauge invariant operators we consider are the restricted Schur polynomials. As in ABJM theory, there is a limit in which the spectrum reduces to a set of decoupled harmonic oscillators, indicating integrability in the large M and N double limit of the theory. We then consider parity transformations on the gauge invariant operators. In this case the non-planar anomalous dimensions break parity invariance. Our analysis shows that (M − N ) is related to the holonomy in the string theory, confirming one of the main features of the theory and its string dual. Furthermore, in the limit where ABJ theory reduces to ABJM theory, parity invariance is restored.
Introduction
The AdS/CFT correspondence [1] claims a duality between string theory or M-theory on the negatively curved background of anti de Sitter space in (d + 1)-dimensions (AdS d+1 ) and a conformal field theory living on the boundary of this space, which is d-dimensional Minkowski space. The first example of such a correpondence is the duality between N = 4 super-YangMills (SYM) theory in 4-dimensions and type IIB superstring theory on AdS 5 ×S 5 . Recently, new dualities were found, in which N = 6 superconformal Chern-Simons-matter theory in 3-dimensions is dual to type IIA superstring theory on AdS 4 × CP 3 . The first example involves ABJM theory with gauge group U (N) k ×U (N) −k , where k denotes the Chern-Simons level [2] . This was then generalized to gauge group U (M) k × U (N) −k giving the ABJ theory [3] . One consequence of these dualities is a relation between the energy of string states and the conformal dimension of the dual operators. The conformal dimension is given by the eigenvalue of the dilatation operator of the CFT side. Therefore a good test of these dualities is to compute the action of the dilatation operator on a gauge invariant operator in the CFT and compare this to energies of states in the string theory. Further, there are good reasons to hope that the dilatation operator maps onto the Hamiltonian of an integrable system [4, 6] .
A system is integrable if it has one conserved quantity for each degree of freedom. It allows one to find the exact spectrum of the dilatation operator. The discovery of integrability in N = 4 SYM and ABJM theories [4] [5] [6] in the planar limit has allowed dramatic progress. It is thus natural to look for integrability in the non-planar limit. Non-planar integrability may be important for a study of the quantum dynamics of string theory.
A new technique employing the representation theory of symmetric and unitary groups [7] [8] [9] has been used to compute the dilatation operator of N = 4 super-Yang-Mills theory on restricted Schur polynomials in a large N but non-planar limit at one loop [10] [11] [12] [13] and at two loops [14] . The results of this work demonstrated integrability in a large N but non-planar limit. Motivated by these results, the action of the two loop dilatation operator of ABJM theory in its SU (2) × SU (2) sector was studied [15] suggesting the theory enjoys non-planar integrability at two loops. In contrast to this, the spin chains technique for ABJM which is relevant for expansion about the planar limit of the theory did not find any sign of non-planar integrability [16] . In [16, 17] the action of the non-planar dilatation operator has been studied on operators with charge O(1). Furthermore, the non-planar diagrams summed in [16, 17] are correcting the large N limit, since they have been considered as a correction to the leading planar diagrams using quantum mechanical perturbation theory. The non-planar diagrams we sum are very different to [16, 17] , since we study the action of the non-planar dilatation operator on operators with charge O(N). In this case the non-planar diagrams we sum contribute to the leading term in the large N limit.
ABJ theory manifests parity violation in the supersymmetric gauge theory and its dual string theory. In the field theory side, parity takes
while in string theory side parity violation is encoded into the non-trivial holonomy b 2 on CP 1 ⊂ CP 3 with a background NS B-field B 2 given by
In contrast to ABJM theory which has constant holonomy, ABJ theory has (M − N) holonomy dependence in its string dual 1 . This holonomy breaks parity for M = N. Therefore, to test the conjectured duality in ABJ theory, it is interesting to examine the spectrum of operators in this theory in the double 't Hooft limit and to check whether (M − N) can be related to a B field. This test has been done in [17] using the spin chain representation.
It has been shown in [18, 19] that ABJ theory might still enjoy integrability in the presence of parity symmetry breaking. Determining if ABJ theory enjoys integrability in a large N but non-planar limit is an open question.
The importance of this work is not only in the hints of integrability in the non-planar limit, but also it proves for the first time the co-existence of non-planar integrability and parity breaking effect as predicted in [18, 19] .
In this paper we study the two loop non-planar anomalous dimensions of restricted Schur polynomials in the ABJ theory. In the large N and M double limit, the spectrum of the anomalous dimension reduced to a set of decoupled harmonics oscillator indicating nonplanar integrability and exhibits the expected parity-breaking effect. In section 2, we compute the action of non-planar two loop ABJ dilatation operator on restricted Schur polynomials. We then analyse the spectrum of the anomalous dimensions in section 3. The parity operation is considered in section 4. Finally section 5 contains our conclusion.
ABJ Dilatation Operator
ABJ theory is a three-dimensional N = 6 superconformal Chern-Simons-matter theory with gauge group U (M) k × U (N) −k and R-symmetry group SU (4) . In this case the bifunda- mental scalar fields A and B transform as
Therefore all traces constructed from the pairs
The ABJ dilatation operator is closely related to the ABJM one, since both of them come from the F-terms of the bosonic potential. The key difference is in their coupling constants. In ABJM theory the coupling constant is . Therefore in ABJ theory we have a double 't Hooft limit that is given by
The dilatation operator of ABJ theory has a closed action on the SU(2) × SU(2) subsector built with one type of excitation field B 2 [17] . On this sector the dilatation operator is
:, (2.1) where A 1 and B † 1 are the "background" fields, and :: means that all the fields in (2.1) should not be self-contracted. Like the ABJM case, we will study the action of dilatation operator (2.1) on the gauge invariant operators built from restricted Schur polynomials for the gauge group U (M) k × U (N) −k . With one type of "excitation" B † 2 these polynomials are
where the label R specifies an irreducible representation "irrep" of the symmetric group S n and {r} ≡ {r 12 , r 11 } is an irreducible representation of S n 12 × S n 11 ⊂ S n . We have n 12 + n 11 = n. In this expression m 2 = n 12 is the number of A 1 B † 2 pairs and m 1 = n 11 is the number of A 1 B † 1 pairs. We will study the limit in which the number of background fields is much bigger than the number of excitation fields, that is, m 2 ≪ m 1 . From appendix A, the bare two point function of operators with one type of excitation fields
hooks r 11 hooks r 12 .
In this case, the operator O R,{r} is related to the normalized operator O R,{r} as
Before we study the action of dilatation operator on (2.2), it is important to point out that in ABJ theory both A and B are matrix fields, and hence we have the following index structure
where k, l ∈ {1, 2}. The result of acting with (2.1) on (2.2) is thus
where
In this expression, c RR ′ (M) is the weight of the removed box from the irrep R to obtain R ′ [10, 11, 20] . I R ′ S ′ and I S ′ R ′ are the intertwiners defined in appendix B of [10] . Let us pause at this point to discuss how our result (2.4) differs from the result for ABJM theory obtained in [15] . Firstly, (2.4) depends on M and N which allows us to consider interesting multiple scaling limits, which could in principle scale M and N independently. Secondly, the factor c RR ′ (M) depends on M while in the square root we have (M, N) dependence. The action of the dilatation operator is clearly not symmetric upon interchanging M ↔ N.
Spectrum of Anomalous Dimensions
To obtain the spectrum of the anomalous dimension from (2.4) we consider the case where the gauge invariant operators are labeled by Young diagrams of two long rows. Recall that we are interested in operators that have a bare dimension of order N. It has been shown in [7, 20] that operators of dimension O(N) are dual to giant gravitons. In this class of operators, one can construct the projectors using U(2) group theory [11] . The irrep r 11 is obtained from R by removing ν 1 and ν 2 boxes from the first and the second row of R respectively. The removed boxes ν 1 and ν 2 must be assembled into the irrep r 12 with ν 1 + ν 2 = m 2 . Figure 1 illustrates the construction of r 11 and r 12 from the irrep R. It is enough to specify The computation of (2.4) gives
1) where
2)
The combination △Ô j,j 3 (b 0 , b 1 ) in (3.2) differs from the ones obtained in the case of N = 4 SYM theory and ABJM theory [11, 15] , since it depends on both M and N. One might also note that (3.1) and (3.2) are not invariant under the exchange M ↔ N. Note the j dependence in (3.2) which implies the problem of diagonalizing the dilatation operator factorizes into two separate eigen problems. We also note that the spectrum of anomalous dimension in (3.1) is different from the result obtained in [11] , therefore it is not clear how to obtain a direct diagonalisation of (3.1). However, in the double limit
the leading contribution in (3.1) is thus
It is interesting to note that the result (3.3) is similar to the result of N = 4 SYM theory multiplied by M [11] . In this context the continuum limit in ABJ theory reduces to a set of decoupled harmonic oscillators studied in [15] . Since the spectrum of harmonic oscillator can be easily determined, this indicates the integrability of ABJ theory in the large but nonplanar double M and N limit. The spectrum of the anomalous dimension of ABJ theory is thus reduced to a set of oscillators. For m 2 = 2n, the frequency ω i and degeneracy d i are given by
For m 2 = 2n + 1, the frequency ω i and degeneracy d i are given by
Parity Operation
The action of the parity operator introduced in [17] , on the trace operator, inverts the order of the fields inside each of its traces, i.e.
where a i , b i ∈ 1, 2. In this way, acting with the parity operation on the restricted Schur polynomial (2.2) leads tô
Therefore, parity changes σ to σ −1 . It is worth mentioning that the action of the dilatation operator (2.1) on (4.1) produces a similar result to that in (2.4), since we are summing over σ ∈ S n and the closure of S n group ensures that for every σ there is σ −1 ∈ S n . The action of three-dimensional parity P takes the U(N + l) k × U(N) −k superconformal theory with M − N = l to the U(N) k × U(N + l) −k theory [3] . This means that parity flips the levels of the Chern-Simons terms, and consequently produces a different theory. In this case, the action of (2.1) on a U(N) k × U(N + l) −k gauge invariant operator of the form (2.2) produces the same result as (2.4) except the fact that M changes to N. Let us study the parity operation for the case m 2 = 2n (a similar study for the case with m 2 = 2n + 1 leads to the same conclusion). As we have seen in the previous section, the spectrum of the anomalous dimension for the theory with gauge group U(M) k × U(N) −k is given in (3.5). The parity operation changes the theory with gauge group U(M) k × U(N) −k to a different theory with gauge group U(N) k × U(M) −k that has the following spectrum Thus, the parity operator does not commute with the non-planar ABJ dilatation operator. More precisely, the commutator (4.2) is proportional to M − N which indicates the breaking of parity for M = N. In ABJM theory we have M = N and hence it is parity invariance.
Similar analysis for the theory with gauge group
From type IIA string theory in [3] , the theory with holonomy b 2 = l/k is related to the theory with holonomy b 2 = (k − l) /k by a parity transformation, this corresponds in the field theory side to the equivalence of the 
Conclusion
We have studied the action of the non-planar dilatation operator for ABJ theory at two loops on operators built from restricted Schur polynomials. The spectrum of the anomalous dimensions signals nonplanar integrability. Our analysis shows that the ABJ theory breaks parity invariance. This is in contrast to the planar two loop dilatation generator which was found to be parity invariant [18, 19] . When ABJ theory reduces to ABJM theory, parity invariance is recovered as expected. In this analysis we note that parity breaking does not destroy integrability, this in agreement with the result of [18, 19] . Furthermore, in the field theory, we have found that (M − N) is related to the holonomy B 2 of the string theory side. We have considered the case where irreducible representation R of the gauge invariant operator (2.2) is a Young diagram with two long rows. In this case our operators have a dimension of order O(N). We have solved (3.3) within the continuum limit approximation. The exact solution of (2.4) in other limits may also reveal whether the ABJ theory remains integrable or not. Another direction to extend this work is to study the action of dilatation operator on operators with dimension of order O(N 2 ). This requires our representation R to be Young diagram with long rows and long columns. This direction will enrich the AdS/CFT dictionary. However, studying the action of dilatation operators of both N = 4 SYM theory and ABJ(M) theories for operators of order O(N 2 ) remains a challenge.
, where the projector P R,{r} is given by
In the above expression, we note that n 11 + n 12 = n, n 11 = m 1 and n 12 = m 2 . In this case the two point function can be written as Using the identity (proved in [8] )
P R,{r} P S,{s} = δ RS δ {r},{s} n! n 11 !n 12 ! P R,{r} , (A The value of Tr P R,{r} is [20] Tr P R,{r} = hooks R d R hooks r 11 hooks r 12 n! Thus, the bare two pint function in the SU(2) × SU(2) subsector of ABJ theory is
(A.5)
